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In this paper we study some phenomenological aspects, related to the proton and neutron 
degrees of stability. Working in the frame of the Isgur-Karl quark model, we obtained some 






The starting point in our work was the observation that, despite its similar quark 
structures, there is a high stability gap between proton and neutron. Thus, applying closed 
trajectories for constituents of proton, in the context of the Isgur-Karl non-relativistic quark 
model, we could notice some interesting connections. 
 
 
2. ON THE NUMERICAL METHOD 
 
Inspired by previous existing studies on billiards with vibrating surface models [1,2], we 
treated the more realistically case of an n-body problem [3,4]. Thus, at one particular 
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where “t” is the time, “qαi“ is the space coordinate, “pαi” is the momentum coordinate, 
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where “pi” is the momentum, “mi” the mass, “U” represents the bi-particle potential, and 
“rij” is the distance between constituents. The evolution is obtained recursively, by 
numerically solving previous equations for every single particle, at each moment of time.   
In order to analyze the instability on fluctuations and perturbations [6,7], each 
simulation was implemented as a parallel processing of two identical systems, which have 
slightly different initial conditions. Based on the Lyapunov exponent method [8], we 
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where “d(t)” represents the distance in the phase space between the two mentioned 
systems, at the moment “t” of time. Trying to filter the “geometrical variations”, we took 
into account only those points of L(t),  which correspond to a Poincare map [9]. 
A quantitative image for the degree of disorder is provided by the Shannon entropy [10]: 
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As the probability to find the system in one point of the phase space do not include 
information on particles that have similar evolutions, we worked with the phase space for a 
single particle, and we merged into it, the evolution of all other constituents. Therefore, “pi” 
represents the probability to find information in a point of the mentioned space. In the same 
context, we measured the fractal dimension [11] for one Poincare map [9]. 
 
 
3. STUDY ON PROTON AND NEUTRON 
 
For a better phenomenological understanding, we started from the analysis of a 
simplified classical bi-dimensional 3-body system, formed of material points, initially at 
rest, placed in the vertexes of an arbitrary triangle.  
The stability, in the Lyapunov meaning, was considered as an intuitive criterion. 
Employing different expressions for the bi-particle potential, according to the string quark 
model [12], and the bag quark model [13], we noticed positive values for the function (4). 
We tested the result at various temporal resolutions (up to 10-7Fm/c), and various initial 
conditions, in order to find any unwanted effect, involved by the numerical approximation. 
On the other hand, L(t) is constant and equals zero, for the harmonic potential. Thus, we 
chose to work in the frame of the non-relativistic Isgur-Karl quark model [14].  
In this context, for a system formed of three particles (two with mass “m1” and one with 
mass “m2”), we face with an interesting particular case of a many-body problem. The 
movement, for each of the two particles with the same mass, could be described as a 
superposition of two harmonic oscillators (with pulsations “ω1” and “ω2”), while the third 
  
 




particle evolves as an independent harmonic oscillator (with the same mentioned pulsation 
“ω1”). 
Inspired by existing studies (e.g. for clusters of alkali atoms, the relative stability of 
quantum many-body systems can be related to the existence of closed classical trajectories 
[15], quantum mechanical particle in two-dimensional billiard geometry [16]), we 
intuitively connected the high stability of proton with the idea of considering closed 
trajectories for the constituents of the previous described, 3-body system (trivial Lissajous 
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where “m1“, “m2“, “ω1”, “ω2”, are defined previously, and "Q" is the set of rational 
numbers.  
Assuming that the values for quark masses can be only integer multiples of the up quark 
mass, the equation (6) leads to an interesting agreement with the experimental ratios for 
quark masses (Tab.1). 
 
Quark mq/mu  m2/m1 (6) 
u 1 1 
d 1.57 6 
s 34 25 
- - 96 
c 340 361 
b 1106 1350 
- - 5041 
t 40212 18816 






One can notice that the chosen value for the ratio between the constituents masses, in 
agreement with (6) (e.g. m2/m1=6 (Fig.1,2)), do not satisfy the corresponding closing 
condition for the analogous system, obtained by switching mass values (Fig.3,4). This fact 








Tab.1. Relatively agreement between the equation (6) and 
the experimental ratios for quark masses, in the assumption 
of quark masses quantification. 
  
 









































We tried to verify if a connection between periodic orbits and stability can be 
established for other baryons also. The entropy (5) and the fractal dimension, as described in 
the previous section, contain global information on closed trajectories. Choosing ratios for 
quark masses based on (Tab.1), one can notice a relatively agreement between order and 





Fig.1. Closed trajectories (m2/m1=6).  Fig.2. Phase space evolution for one 
constituent (closed trajectories). 
Fig.3. Unclosed trajectories (m2/m1=1/6).  Fig.4. Phase space evolution for one 
constituent (unclosed trajectories). 
  
 











Proton uud 938.3 stable 7.46 0 
Neutron udd 939.6 885.7 9.55 0.4 
Λ
0
 uds 1115.7 2.60×10-10 10.92 0.9  
Σ
+
 uus 1189.4 0.8×10-10 8.12 0 
Σ
0
 uds 1192.5 6×10-20 10.92 0.9 
Σ
-
 dds 1197.4 1.5×10-10 10.05 0.8 
∆
++
 uuu 1232 6×10-24 8.78 0 
∆
+
 uud 1232 6×10-24 7.46 0 
∆
0
 udd 1232 6×10-24 9.55 0.4 
∆
-
 ddd 1232 6×10-24 7.69 0 
Ξ
0
 uss 1315 2.9×10-10 9.69 0.6 
Ξ
-





We mentioned before that the analyzed classical 3-body problem, corresponding to 
proton (up, up, down quark structure), can be decomposed into five harmonic oscillators 
(three with pulsation “ω1” and two with pulsation “ω2”). Thus, we can use previous results 
in the problem of five quantum harmonic oscillators, with pulsations ratio according to (6). 
In a very approximate calculation (in which, for example, shell effects are ignored), and 
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where “mp” is the mass for proton, and “md”, “mu”  represent the masses for the down 
and up quarks. Choosing “md/ mu=6” (Tab.1) and working in the natural system of unities, 
we obtain “ω1≈312MeV”, and “ω2≈468MeV”. One can observe that the first excited state 
(“≈1250MeV”), for the previous described system, is in a good match with the mass of the 
∆
+
 baryon (which has the same quark structure as the proton). For an analogous calculation, 
applied to neutron, we obtained a less encouraging value (“≈1173MeV”), with respect to the 




Tab.2. Relatively agreement between order and stability, for groups of 
baryons characterized by approximately the same mass. 
  
 







Trying to relate the stability of proton with the idea of considering classical closed 
trajectories for its constituents and working in the frame of the Isgur-Karl quark model, we 
obtained some encouraging results. However, taking into account the existing difficulties 
and the high complexity involved by the study of a quantum relativistic many-body quark 
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